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The setting

• M a noncompact oriented smooth manifold of dimension n ≥ 2 such that
H1(M,R) = 0 (⇐⇒ each closed one-form is exact).

• Γ a finitely generated, discrete group, which acts properly discontinuously on
M so that M/Γ is a compact smooth manifold.

EXAMPLE: M = Rn, Γ = Zn.

EXAMPLE: M — the Poincaré upper-half plane, Γ — the fundamental group
of a compact Riemann surface.
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The setting

• g =
∑n

i=1

∑n
j=1 gij(x)dxidxj a Γ-invariant Riemannian metric on M :

• B =
∑

i<j bij(x)dx
i ∧ dxj a real-valued Γ-invariant closed 2-form on M .

• ASSUME: there exists a 1-form A =
∑n

i=1 ai(x)dxi on M such that

dA = B ⇐⇒ bij =
∂aj

∂xi
− ∂ai

∂xj
.

• gij and bij Γ-periodic, ai, in general, NOT.
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The magnetic Schrödinger operator

• The Schrödinger operator with magnetic potential A — a self-adjoint operator
in L2(M):

Hh = (ih d+ A)∗(ih d+ A), h > 0.

• In Rn, a self-adjoint operator in L2(Rn,
√
gdx)

Hh =
1
√
g

∑
j,k

(ih
∂

∂xj
+ aj(x))

[
gjk(x)

√
g(ih

∂

∂xk
+ ak(x))

]

(g = det(gij), gjk the inverse of gjk)
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The magnetic Schrödinger operator

• In Rn with the standard Euclidean metric, a self-adjoint operator in L2(Rn, dx)

Hh =
n∑

j=1

(ih
∂

∂xj
+ aj(x))2.

THE MAGNETIC BOTTLES
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The main problem

• A gap in the spectrum σ(T ) of a self-adjoint operator T is a maximal interval
(a, b) such that

(a, b) ∩ σ(T ) = ∅

(⇐⇒ a component of R \ σ(T ))

PROBLEMS:

• Are there gaps in the spectrum of Hh in the semiclassical limit (as h→ 0)?

• Are there arbitrarily many number of gaps in the spectrum of Hh in the
semiclassical limit (as h→ 0)?
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Some more notation

• B(x) : TxM → TxM,x ∈M the anti-symmetric linear operator:

gx(B(x)u, v) = Bx(u, v), u, v ∈ TxM.

• In local coordinates

Bi
j =

n∑
k=1

gikbkj =
n∑

k=1

gik

(
∂ak

∂xj
− ∂aj

∂xk

)
.
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Even more notation

• The intensity of the magnetic field

Tr +(B(x)) =
1
2
Tr ([B∗(x) ·B(x)]1/2).

• If ±iλj(x), j = 1, 2, . . . , d, λj(x) > 0, are the non-zero eigenvalues of B(x),
then

Tr +(B(x)) =
d∑

j=1

λj(x).
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Magnetic wells

• DENOTE
b0 = min{Tr +(B(x)) : x ∈M}.

• ASSUME:

there exist a (connected) fundamental domain F and ε0 > 0 such that

Tr +(B(x)) ≥ b0 + ε0, x ∈ ∂F .

• EXAMPLE: M = Rn, Γ = Zn =⇒ F = (0, 1)n a fundamental domain.
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Magnetic wells. II

• For any ε1 ≤ ε0, let

Uε1 = {x ∈ F : Tr +(B(x)) < b0 + ε1}.

– Uε1 an open subset of F such that Uε1 ∩ ∂F = ∅;
– For ε1 < ε0, Uε1 is compact and included in the interior of F .

• Any connected component of Uε1 with ε1 < ε0 — a magnetic well (attached
to the effective potential h · Tr +(B(x))).
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Tunneling and localization in wells

• Fix arbitrary ε1 < ε2 < ε0.

• Hh
D the Dirichlet realization of Hh in D = Uε2 (has discrete spectrum).

THEOREM [B. Helffer, Yu. K., 2006] ∃C, c, h0 > 0 ∀h ∈ (0, h0]

σ(Hh) ∩ [0, h(b0 + ε1)] ⊂ {λ ∈ [0, h(b0 + ε2)] : dist(λ, σ(Hh
D)) < Ce−c/

√
h},

σ(Hh
D) ∩ [0, h(b0 + ε1)] ⊂ {λ ∈ [0, h(b0 + ε2)] : dist(λ, σ(Hh)) < Ce−c/

√
h}.
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Quasimodes and spectral gaps

THEOREM: Let N ≥ 1.

SUPPOSE µh
0 < µh

1 < . . . < µh
N a subset of an interval I(h) ⊂ [0, h(b0 + ε1)):

1. There exist constants c > 0 and M ≥ 1 such that for any h > 0 small
enough

µh
j − µh

j−1 > chM , j = 1, . . . , N,

dist(µh
0 , ∂I(h)) > chM , dist(µh

N , ∂I(h)) > chM ;
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Quasimodes and spectral gaps

2. Each µh
j is an approximate eigenvalue of Hh

D:

‖Hh
Dv

h
j − µh

j v
h
j ‖ = αj(h)‖vh

j ‖,

where vh
j ∈ C∞c (D) and αj(h) = o(hM) as h→ 0.

THEN

σ(Hh) ∩ I(h) has at least N gaps for any sufficiently small h > 0.
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Quasimodes and spectral gaps: sketch of the proof

There exists λh
j ∈ σ(Hh) ∩ I(h), j = 0, 1, . . . , N

λh
j − µh

j = o(hM), h→ 0.

For any h > 0 small enough, we have

λh
j − λh

j−1 > chM , j = 1, . . . , N.
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Quasimodes and spectral gaps: sketch of the proof

DENOTE

Nh(α, β) — the number of eigenvalues ofHh
D on an arbitrary interval (hα, hβ).

LEMMA: For some C and h0

Nh(α, β) ≤ Ch−n, ∀h ∈ (0, h0] .
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Quasimodes and spectral gaps: sketch of the proof

• LEMMA: Let M > 0 and c > 0. There exist C > 0 and h1 > 0 such that

– IF αh and βh are two points in the spectrum of Hh on the interval I(h)
with βh − αh > chM ,

– THEN for any h ∈ (0, h1], σ(Hh) ∩ (αh, βh) has at least one gap of length
≥ ChM+n.

• By this lemma, each interval (λh
j , λ

h
j+1) contains at least one gap in the

spectrum of Hh of length ≥ ChM+n

• =⇒ The spectrum of Hh on the interval I(h) has at least N gaps of length
≥ ChM+n for any h small enough.
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The general case

THEOREM [B. Helffer, Yu. K., 2007]

• ASSUME: there exist a (connected) fundamental domain F and ε0 > 0 such
that

Tr +(B(x)) ≥ b0 + ε0, x ∈ ∂F .

• THEN: for any interval [α, β] ⊂ [b0, b0 + ε0] and for any natural N , there exists
h0 > 0 such that, for any h ∈ (0, h0],

σ(Hh) ∩ [hα, hβ]

has at least N gaps.
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The general case: sketch of the proof

• Fix some natural N . Choose some

b0 < µ0 < µ1 < . . . < µN < b0 + ε1.

• For any j = 0, 1, . . . , N , take any xj ∈ D such that

Tr +(B(xj)) = µj.
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The general case: construction of quasimodes

• Choose a local chart fj : Uj → Rn defined in a neighborhood Uj of xj with
local coordinates X = (X1, X2, . . . , Xn) ∈ Rn.

• Suppose that

– fj(Uj) is a ball B = B(0, r) in Rn, fj(xj) = 0,
– the Riemannian metric at xj becomes the standard Euclidean metric on Rn,

– B(xj) =
∑dj

k=1 µjkdX2k−1 ∧ dX2k.

– Typeset by FoilTEX – 18



Yuri KORDYUKOV Toronto, 2008

The general case: construction of quasimodes

• Let ϕj be a smooth function on B such that

|A(X)− dϕj(X)−Aq
j(X)| ≤ C|X|2,

where Aq
j(X) = 1

2

∑dj

k=1 µjk (X2k−1dX2k −X2kdX2k−1).

• Write X ′′ = (X2dj+1, . . . , Xn).

• Let χj ∈ C∞c (D) supported in a neighborhood of xj, and χj(x) ≡ 1 near xj.
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The general case: construction of quasimodes

vh
j ∈ C∞c (D) defined as

vh
j (x) = χj(x) exp

(
−iϕj(x)

h

)
×

× exp

− 1
4h

dj∑
k=1

µjk(X2
2k−1 +X2

2k)

 exp
(
−|X

′′|2

h2/3

)
.
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The general case: construction of quasimodes

• THEN
‖(Hh

D − hµj)vh
j ‖ ≤ Ch4/3‖vh

j ‖.

• So Theorem follows from the abstract result with

µh
j = hµj, M = 1.
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The general case: refined version

THEOREM [B. Helffer, Yu. K., 2008]

ASSUME:

• there exist a (connected) fundamental domain F and ε0 > 0 such that

Tr +(B(x)) ≥ b0 + ε0, x ∈ ∂F .

• the rank of B is constant in an open set U ⊂M
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The general case: refined version

THEN: for any interval

[α, β] ⊂ Tr+B(U),

there exist h0 > 0 and C > 0 such that

σ(Hh) ∩ [hα, hβ]

has at least [Ch−1/3] gaps for any h ∈ (0, h0].
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Discrete potential wells

THEOREM [B. Helffer, Yu. K. 2007] ASSUME

• b0 = 0, and there exist a (connected) fundamental domain F and ε0 > 0 such
that

Tr +(B(x)) ≥ ε0, x ∈ ∂F ;

• there exists a zero x̄0 of B, B(x̄0) = 0, such that ∃C > 0

C−1|x− x0|k ≤ Tr +(B(x)) ≤ C|x− x0|k

for all x in some neighborhood of x0 with some integer k > 0.
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Discrete potential wells

THEN

for any natural N , there exist C > 0 and h0 > 0 such that

σ(Hh) ∩ [0, Ch
2k+2
k+2 ]

has at least N gaps for any h ∈ (0, h0).

– Typeset by FoilTEX – 25



Yuri KORDYUKOV Toronto, 2008

Discrete potential wells: model operator

• ASSUME: x̄0 a zero of B such that, for all x in some neighborhood of x0,

C−1|x− x0|k ≤ Tr +(B(x)) ≤ C|x− x0|k.

• Write the 2-form B in the local coordinates

f : U(x̄0) → f(U(x̄0)) = B ⊂ Rn, f(x̄0) = 0,

as

B(X) =
∑

1≤l<m≤n

blm(X) dXl ∧ dXm, X = (X1, . . . , Xn) ∈ B.
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Discrete potential wells: model operator

• B0 the 2-form in Rn with polynomial components

B0(X) =
∑

1≤l<m≤n

∑
|α|=k

Xα

α!
∂αblm
∂Xα

(0) dXl ∧ dXm,

• ∃A0 a 1-form on Rn with polynomial components:

dA0(X) = B0(X), X ∈ Rn.
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Discrete potential wells: model operator

• Kh
x̄0

a self-adjoint differential operator in L2(Rn):

Kh
x̄0

= (ih d+ A0)∗(ih d+ A0),

where the adjoints are taken with respect to the Hilbert structure in L2(Rn)
given by the flat Riemannian metric (glm(0)) in Rn:

Kh
x̄0

=
∑
j,k

gjk(0)
(
ih

∂

∂xj
+ a0

j(x)
) (

ih
∂

∂xk
+ a0

k(x)
)
.
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Discrete potential wells: construction of quasimodes

• For any j ∈ N, let

Kh
x̄0
wh

j = h
2k+2
k+2 λjw

h
j , wh

j ∈ L2(Rn).

• Let χ ∈ C∞c (U(x̄0)) equal 1 in a neighborhood of x̄0.

• Define
vh

j (x) = χ(x)wh
j (x).
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Discrete potential wells: construction of quasimodes

• We have
‖

(
Hh

D − h
2k+2
k+2 λj

)
vh

j ‖ ≤ Cjh
2k+3
k+2 ‖vh

j ‖.

• For a given natural N , choose any C > λN+1.

• Then the result follows from the abstract theorem with

µh
j = h

2k+2
k+2 λj.
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Discrete potential wells: spectral concentration

THEOREM [Yu. K. 2005]

ASSUME

• b0 = 0, and there exist a (connected) fundamental domain F and ε0 > 0 such
that

Tr +(B(x)) ≥ ε0, x ∈ ∂F ;

• For some integer k > 0, B(x0) = 0 ⇒ ∃C > 0

C−1|x− x0|k ≤ Tr +(B(x)) ≤ C|x− x0|k

for all x in some neighborhood of x0.
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Discrete potential wells: spectral concentration

THEN

there exists an increasing sequence

λ1 < λ2 < λ3 < . . . , λm →∞ as m→∞,

such that for any a and b with λm < a < b < λm+1,

[ah
2k+2
k+2 , bh

2k+2
k+2 ] ∩ σ(Hh) = ∅.
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Hypersurface potential wells

ASSUME:

• b0 = 0, and there exist a (connected) fundamental domain F and ε0 > 0 such
that

Tr +(B(x)) ≥ ε0, x ∈ ∂F ;

• there is an open subset U of F such that the zero set of B in U is a smooth
oriented hypersurface S, and, moreover, there are constants k ∈ N and C > 0
such that for all x ∈ U we have:

C−1d(x, S)k ≤ |B(x)| ≤ Cd(x, S)k .

– Typeset by FoilTEX – 33



Yuri KORDYUKOV Toronto, 2008

Hypersurface potential wells: more notation

• N the external unit normal vector to S, and Ñ an arbitrary extension of N to
a smooth vector field on U ;

• ω0,1 the smooth one form on S defined, for any vector field V on S, by

〈V, ω0,1〉(y) =
1
k!
Ñk(B(Ñ , Ṽ ))(y), y ∈ S,

where Ṽ is a C∞ extension of V to U .

ω0,1 is the leading part of B at S
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Hypersurface potential wells: more notation

• By assumption, we have

ω0,1(x) 6= 0, x ∈ S.

• Denote
ωmin(B) = inf

x∈S
|ω0,1(x)| > 0.
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Hypersurface potential wells: more notation

• For any α ∈ R, the self-adjoint second order differential operator in L2(R, dt):

P (α) = − d2

dt2
+

(
1

k + 1
tk+1 − α

)2

.

• Denote by λ0(α) the bottom of the spectrum of the operator P (α).

• One can show that
ν̂ := inf

α∈R
λ0(α) > −∞.
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Hypersurface potential wells: the main result

THEOREM: [B. Helffer, Yu. K. 2008]

For any interval

(a, b) ⊂ (ν̂ ωmin(B)
2

k+2,+∞),

there exist h0 > 0 and C > 0 such that

σ(Hh)
⋂

[h
2k+2
k+2 a, h

2k+2
k+2 b]

has at least [Ch−
2

3(k+2)] gaps for any h ∈ (0, h0].
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Hypersurface potential wells: model operator

• g0 the Riemannian metric on S induced by g.

• One can assume that U is an open tubular neighborhood of S:

Θ : (−ε0, ε0)× S
∼=−→ U,

such that Θ
∣∣{0}×S = id and (Θ∗g − g̃0)

∣∣{0}×S = 0, where a Riemannian
metric g̃0 on (−ε0, ε0)× S:

g̃0 = dt2 + g0.
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Hypersurface potential wells: construction of quasimodes

• By adding to A the exact one form dφ, where φ is the function satisfying

N(x)φ(x) = −〈N,A〉(x), x ∈ U,
φ(x) = 0, x ∈ S,

we may assume that 〈N,A〉(x) = 0, x ∈ U .
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Hypersurface potential wells: construction of quasimodes

• ω0.0 the one form on S induced by A:

ω0.0 = i∗SA

where iS is the embedding of S into M .

• ω0,1 the one form on S defined, for any vector field V on S, by

〈V, ω0,1〉(y) =
1
k!
Ñk(B(Ñ , Ṽ ))(y), y ∈ S,

where Ṽ is a C∞ extension of V to U .
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Hypersurface potential wells: model operator

• DEFINE: Hh,0 is the self-adjoint operator in L2(R× S, dt dxg0):

Hh,0 = −h2 ∂
2

∂t2
+

(
ihd+ ω0,0 +

1
k + 1

tk+1ω0,1

)∗(
ihd+ ω0,0 +

1
k + 1

tk+1ω0,1

)
with Dirichlet boundary conditions.

• The operator Hh,0 has discrete spectrum.
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Hypersurface potential wells: model operator

• Hh
D the unbounded self-adjoint operator in L2(D) given by the operator Hh

in the domain D = U with Dirichlet boundary conditions.

• CLAIM: IF λ0(h) such that λ0(h) ≤ Dh(2k+2)/(k+2) is an approximate
eigenvalue of Hh,0:

‖(Hh,0 − λ0(h))wh‖ ≤ Ch(2k+3)/(k+2)‖wh‖, wh ∈ C∞c (R× S),

THEN λ0(h) is an approximate eigenvalue of Hh
D:

‖(Hh
D − λ0(h))vh‖ ≤ Ch(2k+3)/(k+2)‖vh‖, vh = (Θ−1)∗wh ∈ C∞c (U).
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Hypersurface potential wells: construction of quasimodes

• Take x1 ∈ S such that |ω0,1(x1)| = ωmin(B) (= infx∈S |ω0,1(x)|).

• Take normal coordinates f : U(x1) ⊂ S → Rn−1 on S defined in a
neighborhood U(x1) of x1, where f(U(x1)) = B(0, r) is a ball in Rn−1

centered at the origin and f(x1) = 0.

• Choose a function φ ∈ C∞(B(0, r)) such that dφ = ω0,0.

• Write ω0,1 =
∑n−1

j=1 ωj(s) dsj.
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Hypersurface potential wells: construction of quasimodes

• Consider α1 ∈ R such that λ0(α1) = λωmin(B)−2/(k+2) ≥ ν̂.

• ψ ∈ L2(R) a normalized eigenfunction of P (α1), corresponding to λ0(α1):[
− d2

dt2
+

(
1

k + 1
tk+1 − α1

)2
]
ψ(t) = λωmin(B)−

2
k+2ψ(t), ‖ψ‖L2(R) = 1.

• Put
Ψh(t) = ωmin(B)

1
2(k+2)h

− 1
2(k+2)ψ(ωmin(B)

1
k+2h−

1
k+2t).
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Hypersurface potential wells: construction of quasimodes

Φ ∈ C∞(R×B(0, r)) is defined by

Φh(t, s) = ch−β/2(n−1)χ(s) exp
(
−iφ(s)

h

)
exp

i α1

ωmin(B)−
k+1
k+2h

1
k+2

n−1∑
j=1

ωj(0)sj


× exp

(
− |s|2

2h2β

)
Ψh(t), t ∈ R, s ∈ B(0, r),

where β = 1
3(k+2), χ ∈ C

∞
c (B(0, r)) is a cut-off function, and c is chosen in such

a way that ‖Φ‖L2(S×R) = 1.
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Hypersurface potential wells: construction of quasimodes

• LEMMA:

For any λ ≥ ν̂ ωmin(B)2/(k+2), we have

‖(Hh,0 − λh
2k+2
k+2 )Φh‖ ≤ Ch

6k+8
3(k+2)‖Φh‖.

• Take
a < λ0 < λ1 < . . . < λN < b.

• Then the result follows from the abstract theorem with

µh
j = h

2k+2
k+2 λj.
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